The Kepler mission has detected a number of transiting circumbinary planets (CBPs). Although currently not detected, exomoons could be orbiting some of these CBPs, and they might be suitable for harboring life. A necessary condition for the existence of such exomoons is their long-term dynamical stability. Here, we investigate the stability of exomoons around the Kepler CBPs using numerical N-body integrations. We determine regions of stability and obtain stability maps in the (a m , i pm ) plane, where a m is the initial exolunar semimajor axis with respect to the CBP, and i pm is the initial inclination of the orbit of the exomoon around the planet with respect to the orbit of the planet around the stellar binary. Ignoring any dependence on i pm , for most Kepler CBPs the stability regions are well described by the location of the 1:1 mean motion commensurability of the binary orbit with the orbit of the moon around the CBP. This is related to a destabilizing effect of the binary compared to the case if the binary were replaced by a single body, and which is borne out by corresponding 3-body integrations. For high inclinations, the evolution is dominated by Lidov-Kozai oscillations, which can bring moons in dynamically stable orbits to close proximity within the CBP, triggering strong interactions such as tidal evolution, tidal disruption, or direct collisions. This suggests that there is a dearth of highly-inclined exomoons around the Kepler CBPs, whereas coplanar exomoons are dynamically allowed.
INTRODUCTION
One of the exotic type of planetary systems detected by the Kepler mission are transiting circumbinary planets (CBPs), i.e., planets in nearly-coplanar orbits around a stellar binary (and nearly coplanar with the plane of the sky), temporarily blocking the binary's light and giving a generally complex light curve (e.g., Martin & Triaud 2015; Martin 2017) . Currently, 10 confirmed Kepler CBPs are known in 9 binary systems (see Table 1 for an overview). These systems have revealed important clues for the formation and evolution of planets and high-order multiple systems. For example, none of the Kepler CBPs are orbiting binaries with periods shorter than 7 d, which suggests the presence of a third star Hamers et al. 2016) , or could be indicative of coupled stellar-tidal evolution (Fleming et al. 2018) . around the CBPs, Dvorak 1984 ). We will show that stable configurations are possible for a wide range of parameters, and that the stability boundary is well described by the location of the 1:1 mean motion commensurability with the stellar binary.
Previous theoretical efforts have focused on the inclined Hill stability of test particles around single stars (e.g., Innanen 1979 Innanen , 1980 Hamilton & Burns 1991; Nesvorný et al. 2003; Grishin et al. 2017) , or on stability from a secular (i.e., orbit-averaged) point of view in the case of hierarchical quadruple systems (e.g., Michaely et al. 2017; Hamers & Lai 2017; Grishin et al. 2018 ). Other studies have revealed a number of interesting properties that distinguish CBPs from single-star host systems. For example, Smullen et al. (2016) showed using N-body simulations that the disruption of multi-planet systems tends to result in far more ejections relative to single-host systems, which more commonly lose their planets due to collisions upon becoming dynamically unstable. Typically, numerical simulations suggest of order 80% of outcomes correspond to ejections, and only 20% to physical collisions with the primary or secondary (Sutherland & Fabrycky 2016) . In this chaotic regime, the distribution of escaper velocities has been well-studied and parameterized in previous works, mostly in the context of scattering of single stars by super-massive black hole binaries (e.g., Quinlan 1996; Sesana et al. 2006 ). In addition, planet-planet scattering in systems with CBPs can lead to S-type tidal capture planets in close binaries (e.g., Gong & Ji 2018) .
A previous work that focussed directly on the stability of exomoons around CBPs is Quarles et al. (2012) , who considered the dynamical stability (and habitability) of exomoons around Kepler 16. However, Quarles et al. (2012) considered several orbital configurations of the exomoon, and did not focus in detail on S-type moons around the CBP. Also, the effect of the mutual inclination of the orbit of the moon with respect to the orbit of the CBP around the stellar binary was not considered. Here, we carry out a more detailed and systematic study of Hill-stable S-type orbits around CBPs, considering all possible inclinations, and including all currently-confirmed Kepler CBP systems.
The structure of this paper is as follows. In Section 2, we briefly describe the initial conditions and the numerical methodology used for the N-body integrations and for determining stability regions. The main results are given in Section 3, in which we show the stability maps for the Kepler systems. We discuss our results in Section 4, and we conclude in Section 5.
METHODOLOGY

Initial conditions
Our systems consist of a stellar binary (masses M 1 and M 2 ; semimajor axis a bin ) orbited by a CBP (mass M p and radius R p ; semimajor axis a p ). In turn, the CBP is orbited by a moon (mass M m ; semimajor axis a m ). A schematic representation (not to scale) in a mobile diagram of the system (Evans 1968 ) is given in Fig. 1 .
We take the binary and planetary parameters for the currentlyknown Kepler systems from various sources. The adopted orbital parameters are given for convenience and completeness in Table 1 . In most cases, the orbital angles are defined with respect to the plane of the sky. Note that the binary's longitude of ascending node, Ω bin , is defined to be zero. For several systems, the argument of periapsis of the binary or the planet is not known. In this case, we set the corresponding values to zero. We do not vary the initial mean anomalies of the binary and the planet (both are set to zero), but we do vary the moon's initial mean anomaly (see below).
For each binary+planet system, we set up a fourth particle, the exomoon (henceforth simply 'moon'), with mass M m = q m M p , where q m is either 0.001 or 0.1, initially orbiting around the CBP (for reference, q m 0.012 for the Earth-Moon system, q m 4.7 × 10 −5 for Io-Jupiter, and q m 0.12 for Pluto-Charon). We consider 40 values of the lunar semimajor axis, a m , on an evenly-spaced grid, with the lower and upper values depending on the system; typically, a m ranges between 0.005 and 0.02 au (see the figures in Section 3.1 for the precise ranges of a m assumed for each system). The initial eccentricity is set to e m = 0.01; we also carried out simulations with higher initial eccentricities, but found no significant dependence of the stability regions on e m .
The lunar argument of periapsis is set to ω m = 0; the longitude of the ascending node is set to Ω m = Ω p + π, such that the mutual inclination between the planet and the moon is
i.e., by construction, the mutual inclination between the planet and the moon is i pm = i p + i m . The inclination of the moon is set to i m = i grid − i p , where i grid is evenly spaced from 0 to 180 • with 40 values. We consider 10 different values of the lunar initial mean anomaly, M m , evenly spaced between 0 and 2π. In summary, for each Kepler system in Table 1 , we carry out 40 × 40 × 10 = 16, 000 integrations with different a m , i pm and M m . These sets are repeated for q m = 0.001 and q m = 0.1 (binary case), and for q m = 0.001 and with the stellar binary effectively replaced by a point mass (single case, i.e., the primary stellar mass is replaced by M 1 + M 2 , and the secondary stellar mass is reduced to M 2 = 1 kg, essentially a test particle). This implies a total of 10 × 3 × 16, 000 = 480, 000 simulations for all 10 Kepler CBP systems.
We carry out 4-body integrations of the binary+CBP+moon system for a duration of t end = 1000 P p , where P p is the orbital period of the planet around the binary. To investigate whether this integration time is sufficiently long, we show the stability regions below in Section 3 for different integration lengths. The (absolute values of the) relative energy errors in the simulations after 1000 P p are typically on the order of 10 −12 , with maxima of ∼ 10 −10 .
Numerical integrations
For our integrations, we use ABIE, which is a new Python-based code with part of the code written in the C language for optimal per-formance (Cai et al., in prep.) . ABIE includes a number of integration schemes. Here, we use the Gauß-Radau scheme of 15th order (Everhart 1985) , with a minimum time-step of 10 −13 , and a tolerance parameter of = 10 −8 . The integrator incorporates a more sophisticated step-size control algorithm proposed by Rein & Spiegel (2015) . The scheme is optimized for handling close encounters.
We only include purely Newtonian dynamics in our integrations. Strong interactions and short-range forces such as tidal effects, tidal disruption, and the oblateness of the stars and planet due to rotation are considered posteriori by considering the periapsis distances in the simulations, in Section 3.3.
We do check for collisions of the moon with the planet or the stars, taking the collision radii to be the observed physical radii. In reality, the moon is likely tidally disrupted before colliding with the CBP or with the stars. Generally, the tidal disruption radius depends on the density of the moon, i.e., in the case of tidal disruption by the planet, (Roche 1847)
where ρ m is the density of the moon. For the numerical estimate, we set M p = M J (disruption by a Jupiter-mass planet) and ρ m = 3.34 g cm −3 , appropriate for the Moon. However, for CBPs with relatively large radii and for high density moons, r Roche could be less than R p . Given that the lunar density is unknown, we here choose a more general approach of setting the collision radii equal to the physical radii. We note that larger collision radii would lead to a larger number of collisions, in particular with the CBP (see Section 3.3 below).
Determining stability regions
We determine stability maps from our 4-body integrations using the following approach. For a given integration time t end (by default, t end = 1000 P p unless specified otherwise) and a point in the (a m , i pm ) parameter space, we define the orbit as 'stable' if the moon remains bound to the CBP (i.e., a m > 0 and 0 ≤ e m < 1) at t end for all 10 realizations with different M m (green). If none of the 10 realizations of M m yield bound orbits to the CBP, then the orbit is flagged as 'unstable' (red) . If the orbit remains bound for some, but not all realizations with different M m , then we consider the orbit to be 'marginally stable' (yellow).
RESULTS
Stability regions
General description
The main results of this paper are the stability maps shown in Figs 2 and 3, for Kepler 16, and the other 9 Kepler CBPs, respectively. In these maps, each point in the (a m , i pm ) plane represents 10 simulations with different initial M m ; green filled circles correspond to stable systems, red crosses to unstable systems, and yellow open circles to marginally stable systems (see Section 2.3 for the definition of stable, unstable and marginally stable systems). If a collision of the moon with the stars or the CBP occurred for one or more M m -realizations, then this is indicated with either the '−' or ' ' symbols for collisions with the planet and the stars, respectively. We show the frequency for the most common collision type among the mean anomalies, and the color of these symbols encodes this frequency with respect to the 10 realizations of M m (yellow to red for 1 to 10). For collisions of the moon with the stars, the large and small ' ' symbols correspond to collisions with the primary and secondary star, respectively.
In Fig. 2 , the three panels in each row correspond to different integration times: t end = 400, 700 and 1000 P p . In the first and third columns, the mass ratio of the moon to the planet is q m = M m /M p = 0.001, whereas in the second column, q m = 0.1. The third column corresponds to the single-star case, in which the stellar binary is replaced by a point mass. In Fig. 3 , the integration time is 1000 P p , and the mass ratio is q m = 0.001.
As expected, the stability regions decrease for longer integration times. However, there is little dependence on the integration time for the values shown, indicating that 1000 P p is sufficiently long to determine stability in the majority of the parameter space. In the remainder of this paper, we focus on the results with an integration time of t end = 1000 P p .
Generally, the maps can be characterized with a stable region at small a m , an unstable region at larger a m , and a marginally stable region in between, as can be intuitively expected. There is also a dependence on i pm , the mutual inclination between the orbit of the moon around the planet, and the orbit of the planet around the inner binary -typically, high inclinations near 90
• are less stable than low inclinations (near 0
• and 180 • ), and lead to collisions. The larger instability near high inclinations can be ascribed to LidovKozai (LK) evolution (Lidov 1962; Kozai 1962) , and this is explored in more detail below in Sections 3.1.2 and 3.3. Also, retrograde orbits (i pm near 180
• ) tend to be more stable than prograde orbits (i pm near 0
• ), in the sense that the marginal stability region extends to a larger range in a m for retrograde orbits compared to prograde orbits. This is consistent with the general notion that retrograde orbits are typically more stable than prograde orbits owing to the higher relative velocities for retrograde orbits. However, we find that the 'binarity' of the stellar binary is also important, especially for retrograde orbits. This is investigated in more detail in Section 3.2.
Comparison to known results in the single-star case
In the figures, we show for reference with the vertical blue dashed dotted lines the Hill radius (e.g., Hamilton & Burns 1992;  replacing the binary by a point mass), i.e.,
Note that r H does not lie within the range of a m shown in all figures; if the vertical blue dashed dotted line is not visible, then r H is larger than the largest value of a m shown. Although correct within an order of magnitude, the Hill radius only captures the true stability boundary within a factor of a few. This is not very surprising given that the Hill radius strictly only applies to the three-body case (with the binary replaced by a single body).
In the limit that the binary can be interpreted as a point mass, our results can be compared to Grishin et al. (2017) , who considered the stability of inclined hierarchical three-body systems. Grishin et al. (2017) find the following expression for the limiting radii of stability as a function of the mutual inclination (in our case, i pm ),
Here, (6) for 0.867 < i pm < 2.41; otherwise, p(i pm ) = 1 1 . In defining the function p(i pm ), i pm is measured in radians. The 'fudge factor' f fudge is set to f fudge = 0.85, in order to match with our results for Kepler 16 at i pm = 0
• . We remark that the Hill radius is not a true measure of stability but a proxy, that there are no unique criteria for 'stability', and that there is uncertainty in the fudge factor.
For the single-star cases, we show equation (4) with the black dotted lines in the third row of Fig. 2 and in Fig. 4 for Kepler 16 and the other Kepler CBP systems, respectively. For all systems, the absolute locations of the stability boundaries in the simulations agree well at low inclinations. At higher inclinations, in particular near retrograde orientations, the fits tend to give larger boundaries in terms of a m compared to the simulations. This can be attributed to the non-Keplerian but chaotic nature of orbits beyond ∼ 0.6 r H , implying that the averaging method fails . In addition, Grishin et al. (2017) use a different definition for the stability of orbits. Qualitatively, the general shapes of the boundaries agree, with the a m -boundaries increasing with increasing i pm (i.e., retrograde orbits are more stable in the single-star case), and a 'bulge' near high inclination. Note that equation (4) does not take into account collisions of the moon with the planet, which determine the stability boundaries in the simulations for inclinations near 90
• . The latter regime is discussed in more detail in Section 3.3.
Mean motion commensurabilities
As mentioned above, the Hill radius does not accurately describe the boundary between stable and unstable orbits in the (a m , i pm ) plane. Here, we consider an alternative simple analytic description of the stability boundary using an interpretation based on commensurability of the mean motions of the binary and the moon. First, we show in the third row of Fig. 2 and in Fig. 4 stability maps for integrations in which the stellar binary was effectively replaced by a point mass. For Kepler 16, the stable regions are significantly larger in the single-star case, especially for retrograde orbits. This shows that the binary tends to destabilize the moon, as is intuitively clear.
Before discussing mean motion commensurabilities (MMCs), 1 Our adopted polynomial fit is different from Table 1 of Grishin et al. 2017 ; there is an error in the latter table (E. Grishin, private communication).
we note that a possible explanation for the differences between the single-and binary-star cases is that the binary could impose precession of the angular-momentum vector of the orbit of the planet (i.e., nodal precession, or a non-zeroΩ p ), which could affect the secular evolution of the planet-moon pair (Hamers et al. 2015; Hamers & Lai 2017; Grishin et al. 2018 ). This can be tested by comparing the LK time-scale of the planet-moon pair, t LK , to the time-scales of nodal precession induced by the binary, t prec, bin . Specifically, we consider the ratio (Hamers & Lai 2017 , eq. 32)
where we set the mutual inclination between the orbits of the stellar binary and the CBP to be zero, as appropriate for the Kepler CBP systems. If β 1, then the nodal precession by the binary on the CBP orbit is slow compared to the LK evolution of the planet-moon pair, and in that sense the 'binarity' of the stellar binary is unimportant. Evaluating β for the Kepler systems and the ranges of a m considered in our simulations, we find that β is typically small, with a mean value of 1 × 10 −4 , and a maximum value of 2 × 10 −3 . We conclude that nodal precession on the orbit of the CBP around the stellar binary can be neglected in terms of the secular planet-moon evolution.
Therefore, we consider an alternative explanation based on MMCs. Commensurabilities of mean motions are known to lead to mean motion resonances (MMRs). The latter are associated with oscillations of the orbital elements, with important implications in a large number of contexts, including multiplanet systems (e.g., Peale 1976; Sessin & Ferraz-Mello 1984; Batygin & Morbidelli 2013; Deck et al. 2013) , the Kirkwood gaps in the Asteroid belt (e.g., Wisdom 1983; Henrard & Caranicolas 1990; Murray & Holman 1997) , the rings of Saturn, e.g., Goldreich & Tremaine 1978; Borderies et al. 1982) , and binary stars (e.g., Holman & Wiegert 1999; Trifonov et al. 2018) . MMRs can be associated with stabilizing effects (e.g., the Galilean satellites), or destabilizing in the sense that a strong resonance can drive large orbital variations, ultimately leading to dynamical instability. The dynamics of MMRs in quadruple systems in the 2+2 configuration, which applies to our systems, are not well-understood (see Breiter & Vokrouhlický 2018 for a pioneering study which applies to the case of four bodies with comparable masses).
In our case, it is reasonable to expect that there could be a MMR of the stellar binary with the orbit of the moon around the planet if the mean motions are commensurate, and that the MMR could have a destabilizing effect if the strength of the resonance is large enough (i.e., large enough to cause significant variations in the semimajor axis of the moon, triggering dynamical instabilities). Using Kepler's law, it is straightforward to show that the condition P bin = αP m , where P bin and P m are the binary and lunar orbital periods, respectively, and α is dimensionless, can be written as
This expression has the same dependence on the masses as the Hill radius (equation 3), but the dependence on a p (1 − e p ) is replaced by a bin . For the 1:1 MMC, α = 1; the corresponding values of a m, MMC are shown in the stability maps with the solid black lines (the 2:1 and 1:2 commensurabilities are shown with the black dashed lines).
As shown in the stability maps, the 1:1 MMC expression captures the boundary between stable and unstable orbits well for most systems, especially for Kepler 35, 38, 47b, 64, and 413, which do not show a strong dependence on i pm ignoring the region of LK- (4), which is a polynomial for the single-star case adopted from Grishin et al. (2017) .
induced collisions near high inclinations. There are two notable exceptions: for Kepler 47c and Kepler 1647, the stability boundary is significantly larger than a m, MMC , and is more consistent with r H . In the latter two systems, the CBP semimajor axis is relatively large (more than several times the critical separation for dynamical stability, see, e.g., fig. 1 of Fleming et al. 2018) , such that the effect of the 1:1 MMC is expected to be weak, and should not set the stability boundary. This is supported by a comparison of the maps for Kepler 47c and 1647 in Figs 3 and 4, which reveals that the stability regions for these systems are virtually identical for the single and binary star cases.
Collisions and strong interactions
As shown in the stability maps, most collisions occur at high inclinations around 90
• . In Table 2 , we show the number of collisions of the moon with the planet (N col, p ), the primary star (N col, 1 ), and the secondary star (N col, 2 , if applicable). Note that the total number of integrations for each Kepler system is 16,000. The majority of the collisions are between the moon with the planet. Collisions of the moon with the stars are rare.
The high-inclination collision boundary has a 'funnel' shape which is symmetric around 90
• , and becomes wider at smaller a m . This can be understood from standard LK dynamics (Lidov 1962; Kozai 1962 ). In particular, in the quadrupole-order test-particle limit and treating the binary as a point mass, the maximum eccentricity for zero initial eccentricity reached is given by e m, max = 1 − 5 3 cos 2 (i pm ).
The implied periapsis distance is r peri, m = a m (1 − e m, max ) for cos 2 (i pm ) < 3/5. Equating r peri, m to the planetary radius R p gives a relation between a m and i pm , which is shown in the stability maps with the red dashed lines. These lines generally agree with the simulations at small a m , at which collisions are driven by LK evolution. At larger a m , collisions are due to short-term dynamical instabilities rather than secular evolution, and become less dependent on inclination.
The stability maps shown above are based on Newtonian point-mass dynamics, neglecting strong interactions such as tidal effects and tidal disruption. Here, we briefly consider such interactions when the moon passes close to its parent planet (we do not consider strong interactions with the stars).
We evaluate the importance of strong interactions by comparing the periapsis distances of the moon to its parent planet to (multiples of) the radius of the planet. In Fig. 5 , we show for Kepler 16 in the (a m , i pm ) plane the minimum periapsis distances, r peri, m , recorded in the simulations. Here, we determine r peri, m = a m (1−e m ) from the minimum value among the systems in the (a m , i pm ) plane that are stable (i.e., if the moon remains bound to the planet for all 10 realizations of M m ); if at least one of the realizations yielded an unbound orbit or a collision, then we set r peri, m to −0.001 au, which is indicated in Fig. 5 with the dark blue regions. Note that, due to a finite number of output snapshots, the true closest approach can be missed in some cases. For low inclinations, there is no excitation of e m , and r peri, m = a m (1 − e m, 0 ), where e m, 0 is the initial eccentricity. This is manifested in Fig. 5 as a linear relation for small inclinations. For larger inclinations, LK evolution drives high e m and small r peri, m , and collisions with the planet occur as i pm approaches 90
• . Also, we show in Fig. 6 a plot of r peri, m versus i pm for a slice in a m , with a m = 0.005 au. The latter figure shows that the dependence of r peri, m on i pm for r peri, m > R p is well described by the canonical LK relation (equation 9; green dashed line). The red dotted and dashed lines show r peri, m = R p and r peri, m = 3 R p , respectively, where R p = 0.754 R J is the planetary radius (Doyle et al. 2011) . Here, we take a factor of 3 to be indicative of the regime where tidal effects are important. Much closer in, tidal disruption is possible, or even direct collision. In the case shown for Kepler 16 and for a m = 0.005 au, tidal effects are potentially important for inclinations near 60
• and 120
• . Direct collision occur for inclinations between ∼ 75
• and 105
• .
Short-range forces
Our N-body integrations include the Newtonian point-mass terms only. Here, we investigate, a posteriori, the importance of shortrange forces (SRFs) acting on the planet-moon orbit, in conjunction with LK cycles. Such SRFs can include relativistic precession, and precession due to the oblateness of the planet. In the case of Kepler 16, relativistic precession is completely unimportant since the precession time-scale (on the order of Myr) is much longer than the LK time-scale (on the order of tens of years; see also Table 3 ). However, the oblateness of the planet can be important depending on the assumed structure of the planet, and, more importantly, its rotation rate. In Fig. 6 , we show with the blue dashed line the periapsis distance r peri, m according to LK theory with the addition of the oblateness due to rotation and tidal bulges of the planet (assuming q m = 0.001). We compute e m, max by using energy and angular-momentum conservation, with the expressions for the Hamiltonian adopted from Fabrycky & Tremaine (2007) . Here, we use the fact that the maximum eccentricity occurs when the inner orbit argument of periapsis is ω m = 90
• , and assumed L p L m in the expression for conservation of angular momentum (where L is the orbital angular momentum), such that cos(i pm ) 1 − e 2 m is constant (this method is equivalent to that of Liu et al. 2015) . For the planet, we here assume a spin rotation period of 5 hr (a somewhat extreme case, given that for Kepler 16 the critical rotation period for centrifugal breakup is 2π/ GM p /R 3 p 3.4 hr), and an apsidal motion constant of 0.25. For these values, there is some deviation from the canonical relation equation (9), although, in this case, r peri, m is not much affected unless i pm is close to 90
• . To investigate the importance of SRF in all Kepler CBP systems, we compute the associated time-scales in Table 3 . Approximating the binary as a point mass, the LK time-scale can be estimated as (e.g., Innanen et al. 1997; Kinoshita & Nakai 1999; Antognini 2015) 
where Table 3 . Short-range precession time-scales for lunar orbits around the Kepler CBPs. The time-scales given are the LK, relativistic, TB, and rotation time-scales (see text for details), and are shown for two semimajor axes: a m = a 0 , the smallest semimajor axis considered in the simulations, and a m = a 1 = a m, MMC , the location of the 1:1 MMC with the binary. Note that the units for t LK and t rot are yr, and Myr for t 1PN and t TB .
1972)
and the tidal bulges (TB) and rotation time-scales are given by (e.g., Fabrycky & Tremaine 2007 )
where n m = 2π/P m is the lunar mean motion, and k AM, p is the planetary apsidal motion constant. In equations (11), (12) and (13), we have set the eccentricity of the lunar orbit to zero. We remark that the regime in which the LK and rotation timescales are comparable is characterized by the Laplace radius, a m, L (Tremaine et al. 2009 ; by equating equation 10 and the inverse of equation 13, one can obtain a relation for the Laplace radius, a m, L , which is equivalent to eq. 24 of the latter paper except for a constant factor). If a m a m, L , then the dynamics of the moon are dominated by the oblateness of the planet due to rotation, whereas the latter can be neglected if a m a m, L . In Table 3 , we adopt the measured planetary radii (see Table 1), set q m = 0.001 and k AM, p = 0.25, and we assume that the planet is spinning at half its breakup rotation speed, i.e.,
The time-scales are shown for two semimajor axes: a m = a 0 , the smallest semimajor axis considered in the simulations, and a m = a 1 = a m, MM , the location of the 1:1 MMC with the binary.
As shown in Table 3 , relativistic precession and tidal bulges are completely negligible for the Kepler CBP systems. Precession due to oblateness induced by rotation of the planet is potentially important at small semimajor axes, especially for Kepler 38, 47b, 47c, 413, 453, and 1647 . At larger semimajor axes (a m = a m, MMC ), precession due to rotation is potentially important for Kepler 38, 47c, 453 and 1647. However, it should be taken into account that we assumed a somewhat extreme case of a near-critical rotation speed of the planet, and that t rot ∝ Ω −2 p . For example, for Kepler 38, 47c and 453, precession due to rotation would no longer be dominant at a m = a m, MMC if Ω p = (1/4) Ω p, crit (an increase in t rot by a factor of four).
Summary plots
We summarize the results of the stability maps by determining the largest stable values of a m , a m, crit , for each system and for a given value of i pm , and plotting these values as a function of the masses of the planets and the stars (assuming q m = 0.001). In particular, we show in the top panel of Fig. 7 a m , crit normalized to a bin as a function of M p /M bin . Different symbols correspond to different inclinations (refer to the legend). Note that high inclinations, near 90
• , are excluded since in this case there are no stable orbits in our simulations. Also plotted in the same panel with the solid black line is equation (8), the location of the 1:1 MMC. Most of the data points from the simulations match well with equation (8) figure with arrows) , which, as mentioned in Section 3.2, have relatively large planetary semimajor axes, such that the effect of the 1:1 MMC is expected to be weak and therefore it would not set the stability boundary.
Alternatively, one can normalize a m, crit by a p . The resulting points from the simulations are shown in the bottom panel of Fig. 7 . Again, most of the data are well fit by a power-law function of M p /M bin with a slope of 1/3, although the absolute normalization is different. The black dashed line shows the Hill radius (equation 3), which, as noted above, overestimates the critical a m for stability. However, we can obtain a relation that better describes the data by using the fact that most of the Kepler CBPs are close to the limit for stability (i.e., stability of the planet in absence of the moon). In particular,
where we used equation (8) with α = 1 (the 1:1 MMC). Subsequently, we replace a bin /a p by (a p /a bin ) HW99 −1 , where (a p /a bin ) HW99 is the critical CBP semimajor axis in units of a bin determined from the analytic fits of Holman & Wiegert (1999) , and where the average is taken assuming a thermal eccentricity distribution of e bin and a flat mass ratio distribution (i.e., flat in q = M 2 /M 1 ). With these assumptions, we find (a p /a bin ) HW99
Equation (15) is shown in the bottom panel of Fig. 7 with the black solid line, and agrees with most of the data from the simulations.
DISCUSSION
Caveats related to the Kepler systems
Kepler 47 harbors at least two CBPs, Kepler 47b and Kepler 47c (Orosz et al. 2012a) , and there may be a third CBP, Kepler 47d (Hinse et al. 2015) . In our work, we did not consider Kepler 47d, which has not yet been confirmed. Also, we treated the two confirmed planets in Kepler 47 as separate cases, i.e., in each case we neglected the gravitational potential of the other CBP. We have checked that this assumption is justified by running simulations 2 Alternatively, one could compute 1/(a p /a bin ) HW99 0.25592, which gives nearly the same result. with both confirmed planets included, which yielded no significantly different results. Kepler 64, also known as Planet Hunters 1 (PH1), is a quadruple-star system; the binary+CBP system is orbited by a distant stellar binary (a visual binary) at a separation of ∼ 1000 au (Schwamb et al. 2013) . In our integrations, we did not include the visual binary. This is justified, given the large separation between the two stellar binaries, and the relative scale of the inner CBP+planet triplet.
The role of mean motion resonances
We have shown that, with the exception of two Kepler systems (Kepler 47c and 1647), there is good agreement of the locations of the 1:1 commensurability lines of the moon with the stellar binary (equation 8) with the empirical stability boundaries, for both prograde and retrograde orbits. However, this does not provide proof that the instability is triggered by mean motion resonances. An investigation into the latter possibility is beyond the scope of this work, but merits future attention.
Implications of collisions
As shown above, most of the collisions in our simulations are collisions of the moon with the CBP, and occur at high inclination. However, some of the collisions are between the moon and the stars, and show no strong inclination dependence. Such collisions could enhance the metallicity of the stars, and/or trigger a speedup of the stellar rotation in the case of a relative massive moon and a low-mass star. Speed-up of stellar rotation has been proposed to occur as a result of planets plunging onto their host star due to high-eccentricity migration (Qureshi et al. 2018) .
CONCLUSIONS
We investigated the stability of moons around planets in stellar binary systems. In particular, we considered exomoons around the transiting Kepler circumbinary planets (CBPs). Such exomoons may be suitable for harboring life, and are potentially detectable in future observations. We carried out numerical N-body simulations and determined regions of stability around the Kepler CBPs. Our main conclusions are listed below.
1. We obtained stability maps in the (a m , i pm ) plane, where a m is the lunar semimajor axis with respect to the CBP, and i pm is the inclination of the orbit of the moon around the planet with respect to the orbit of the planet around the stellar binary. For most of the Kepler CBPs and ignoring the dependence on i pm , the stability regions are well described by the location of the 1:1 mean motion commensurability (MMC) of the binary orbit with the orbit of the moon around the CBP (equation 8). This is related to a destabilizing effect of the binary compared to the case if the binary were replaced by a single body, and which is borne out by corresponding 3-body integrations. For the two exceptions, Kepler 47b and Kepler 1647, the CBP semimajor axis is relatively large such that the effect of the 1:1 MMC is expected to be weak and therefore it would not set the stability boundary.
2. For stable lunar orbits and high inclinations, i pm near 90
• , the evolution is dominated by Lidov-Kozai oscillations (Lidov 1962; Kozai 1962) . These imply that moons in orbits that are dynamically stable could be brought to close proximity within the CBP, and experience strong interactions such as tidal evolution, tidal disruption, or direct collisions. This suggests that there is a dearth of highly-inclined exomoons around the Kepler CBPs, whereas coplanar exomoons are dynamically allowed.
